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The s e c o n d a r y - e l e c t r o n  energy  d i s t r ibu t ion  function in the neighborhood of a na r row  e l ec t ron  
beam is  ca lcu la ted .  The to ta l  ene rgy  range is subdivided into t h r e e  reg ions :  the Coulomb 
region,  a reg ion  of l i n e a r  ionizat ion c r o s s  sec t ions ,  and an ene rgy  region  below the ion iza -  
t ion potent ia l .  Approx ima te  e x p r e s s i o n s  a r e  found for  the s e c o n d a r y - e l e c t r o n  dens i ty  and 
the p l a s m a  f requency  in the reg ion  of the beam.  

When an e l e c t r o n  beam p a s s e s  through a neu t ra l  medium, exci ta t ion  of the medium in a ce r t a in  r e -  
gion of space  t akes  p lace  along with dece le ra t ion  and s c a t t e r i n g  of the e l ec t rons  (see [1-4]). The ion iza -  
t ion of neu t ra l  a toms  leading  to the appea rance  of s e c o n d a r y  e l e c t r o n s  is  of g rea t  impor tance .  Some of 
them (the suff ic ient ly  ene rge t i c  ones) a r e  capable  of producing  new ionizat ion events .  Because  of the 
ca scade  p r o c e s s ,  a p l a s m a  region is f o rmed  around the beam.  In the s t a t i ona ry  case ,  the dens i ty  of f ree  
cha rges  in th is  region depends on e x p e r i m e n t a l  condit ions and on the p r o c e s s e s  that  occur .  

T h e o r e t i c a l  s tudies  of the ene rgy  s t r u c t u r e  of e l e c t r o n - e l e c t r o n  co l l i s ion  c a s c a d e s  in ma t t e r  a r e  
wel l  known [5]. These  ca lcu la t ions  usua l ly  do not encompass  the ent i re  ene rgy  range  f rom zero  to some 
maximum value  and do not cons ide r  spa t i a l  c h a r a c t e r i s t i c s .  

The p r o c e s s  under  d i scuss ion  is a s s o c i a t e d  with the p o s s i b i l i t i e s  of s t imula t ing  breakdown p r o c e s s e s  
in the neighborhood of the e l ec t ron  beam,  with exc i ta t ion  of e l e c t r o m a g n e t i c  o sc i l l a t i ons  in the p l a s m a  r e -  
gion, with the genera t ion  of q u a s i p a r t i c l e s ,  etc.  

Let  an inf ini te ly  na r row e l ec t ron  beam p a s s  through a medium with an atom dens i ty  N. We as sume  
c y l i n d r i c a l  s y m m e t r y  for  the p rob lem,  neglec t ing  va r i a t i on  of c h a r a c t e r i s t i c s  along the beam,  and cons ide r  
al l  co l l i s ions  to be p a i r  co l l i s ions .  The ene rgy  of the incident  e l e c t r o n s  is e0, t h e i r  ve loc i ty  is v 0 (we 
cons ide r  them nonre l a t iv i s t i c ) ,  and n 0 is  the number  of e l e c t r o n s  p e r  unit  length of the beam.  

The c h a r a c t e r i s t i c s  of i n t e r ac t i ons  between e l e c t r o n s  and a toms  of the medium depend s t rong ly  on the 
e l ec t ron  energy.  The c r o s s  sect ion for  the most  impor tan t  p r o c e s s  - genera t ion  of new e l ec t rons  - is  of 
a complex  na ture .  As  is well  known [6], the ionizat ion c r o s s  sect ion i n c r e a s e s  l i n e a r l y  at  e n e r g i e s  nea r  the 
ionizat ion potent ia l ,  having a value  of z e r o  at e = A (A is the ionizat ion energy) .  When e r e a c h e s  a value of 
ms where  m ~ 2 - 7 ,  the ionizat ion c r o s s  sec t ion  p a s s e s  through a maximum and then d e c r e a s e s  monotonical-  
ly. The pos i t ion  of the maximum c o r r e s p o n d s  to e ~5A for  the mo lecu la r  gases  N 2 and 02. If e >> mA, the 
dependence of the ionizat ion c r o s s  sect ion and the d i s t r ibu t ion  of ene rgy  t r a n s f e r  to e j ec ted  e l ec t rons  ap-  
p r o x i m a t e s  the Ru the r fo rd  law. The re fo re ,  in cons ide r ing  cascade  mul t ip l ica t ion  of e l e c t r ons ,  it is  con-  
venient  to subdivide the en t i r e  energy  range into t h r e e  reg ions .  The f i r s t  reg ion  (Coulomb region) cove r s  
the b road  region f rom mA to the ene rgy  e0 of the e l ec t rons  in the beam.  The second region (region of 
l i n e a r  c r o s s  sect ions)  c o r r e s p o n d s  to the condit ion A _< e -< mA. In the t h i r d  region,  e < A. New e l ec t rons  
do not appea r  in th is  l a s t  ene rgy  region.  The m a i n p r o c e s s e s  the re  a r e  dece l e r a t i on  of e l e c t r o n s  and t h e i r  
r ecombina t ion  with ions. The di f f icul t ies  of a t h e o r e t i c a l  desc r ip t ion  of th is  reg ion  a r e  a s s o c i a t e d  with the 
complex  na ture  of e l ec t ron  dece le ra t ion  at low e n e r g i e s  and with the di f f icul t ies  involved in a desc r ip t ion  
of the k ine t ics  of the e s t ab l i shmen t  of equ i l ib r ium between the e l ec t ron  gas and molecules .  It is a lso  known 
[6] that  the coeff ic ient  of r ecombina t ion  depends s t rong ly  on energy.  F o r  th is  region,  it is  convenient  to 
a s sume  a s imple ,  phenomenologica l  computa t ional  scheme.  As will  be seen f rom the following, the most  
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impor t an t  c h a r a c t e r i s t i c s  of  the c a sc a de  region,  f r o m  the appl ied  point  of view, depend r e l a t i v e l y  l i t t le  
on the value  of  the r ecombina t i on  coeff ic ient .  

Since the e l ec t ron  rar/ge d e c r e a s e s  as  e d e c r e a s e s ,  one can a s s u m e  the d imens ions  of the p e r t u r b e d  
r eg ion  a r e  d e t e r m i n e d  by  the r ange  of  e l e c t r o n s  with the h ighes t  e n e r g y  (a ca lcu la t ion  has  been  made  [7] 
which  c o n f i r m s  th i s  a s s u m p t i o n  fo r  the nons t a t i ona ry  case) .  One can a s s u m e  e l e c t r o n s  in the  second  and 
t h i r d  r eg ions  m i g r a t e  s l ight ly  and the i r  spat ia l  d i s t r ibu t ion  is d e t e r m i n e d  only  by the  spat ia l  d i spe r s ion  of  
the a r r i v a l  o f  e l e c t r o n s  of h igher  e n e r g i e s .  In the  f i r s t  reg ion ,  the e l e c t r o n s  move p r a c t i c a l l y  l i n e a r l y  
a long  the n o r m a l  to the beam.  

The k ine t ic  equa t ions  for  the r eg ions  a re  

Eo ~o 
O~l (r, e) , i b ds' I b d8 t b 

Or @ --7- % (r, e) = % (r, #) e' (e + A)' + % (r, e') ~, (e' -- 8) 2 eg r (r, e) (1) 
~+A ~ + g  

vnA  m A  eo eo 

I b d e '  i b a l e "  0 (2) a 1 %  (r, e') de' + a 1 %  (r, s') ds' - -  as% (r, s} + % (r, s') e, (8 + h)* + qh (r, e') e, (8"~-- e)2 
E+A ~ ~+A s + g  

E0 A mA b. '" d8 + 2aA I q% (r, d) de' ana2(r) = ,, % (r, #)  8, ds' ) (8 + a)2 
(3) mA 0 n 

(%:  = v/1 f (r ,  8)) 

Here ,  f k  is the e l e c t r o n  e n e r g y  d i s t r ibu t ion  funct ion in the k - th  reg ion;  r is a r ad ia l  coo rd ina t e  m e a -  
s u r e d  f r o m  the ini t ia t ing beam;  a and b a r e  cons tan t s  depending on the dens i ty  of the ma te r i a l ;  g is the 
m i n i m u m  e n e r g y  t r a n s f e r  in a Coulomb col l is ion;  n k is the e l ec t ron  dens i ty  in the k - th  reg ion ,  i .e . ,  the r e -  
sult  o f  in tegra t ion  o f  the d i s t r ibu t ion  funct ion ove r  the e n e r g y  region;  a is the r e c o m b i n a t i o n  coeff icient .  

The bounda ry  condi t ion fo r  Eq. (1) has the f o r m  

lim 2~r ~ (r, e) = cvo% -1 (e + A) -2 (4) 

w h e r e  c is a cons tan t  p ropo r t i ona l  to the l inea r  dens i ty  n o of  the e l e c t r o n s  in the b e a m  and to  the dens i ty  
N. One can assume 

c = g ~ n c N ,  ~ = Z e  ~ 

where  Z is the a v e r a g e  cha rge  of  the t a r g e t s .  

The  cons tan t  b is such that  

b = ~ 2 N  

An expl ic i t  e x p r e s s i o n  fo r  the cons tan t  a can be ob ta ined  f r o m  the condit ion fo r  the equal i ty  of  the 
va lues  of  the  ionizat ion c r o s s  sec t ion  at the e n e r g y  mA ca lcu la t ed  f r o m  the r e l a t ionsh ips  in the f i r s t  and 
s econd  reg ions .  This  g ives  

a = ~ 2 N  / m2A2g 

E l e c t r o n s  in the e n e r g y  r anges  of the second  and t h i r d  r eg ions  p r o d u c e d  by the ini t ia t ing b e a m  a r e  
not taken into accoun t  in Eqs .  (1)-(3). They  should  be c o n s i d e r e d  sepa ra t e ly .  

We wr i t e  

mA mA 

a 1 % '  (8') d~' -[- a 1 % '  (s') de' - -  ae%' (8) + cv o / eo (~ + A) 2 ro ~ = 0 (5) 

mA 

an3 "~ = 2aA 1 % '  (e') de" + cv o / 2e0r02A (6) 
A 

In Eqs .  (5) and (6), r 0 is a quant i ty  of  the o r d e r  o f  (~N) -1, w h e r e  ff is the s c a t t e r i n g  c r o s s  sec t ion  fo r  
e l e c t r o n s  having an e n e r g y  ~ m ~ ,  Le . ,  the m o s t  mobi le  e l e c t r o n s  in the two e n e r g y  r a n g e s  u n d e r  d i s c u s -  
s ion.  
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The analysis  may be pe r fo rmed  analyt ical ly by using a number of approximate operations.  

The f i rs t  t e r m  on the right of the equality sign in Eq. (1) is small  in compar ison  with the second (the 
minimum value of the express ion (e +A) -2 is [ (m+l)A]  -2 while the corresponding fac tor  in the second t e r m  
is g-2 where g << A). One can omit this t e r m  by neglecting those ionization events in the f i rs t  region which 
occur  with large energy  t r ans fe r  to ejected electrons.  The number  of such collisions in Coulomb p rocesses  
is small.  

The main contribution tothe value of the integral  (second term) is given by values e '  close to ~. This 
makes it possible to write 

qD (r, e') = q~ (r, 8) + (e' - -  e) Oq~ (r, e) / O~ 

If we substitute this relation in Eq. (1) and introduce the variable y = rg, we obtain 

a~ ~ b b Oy (7) 

Here, U ~ 2-4. Equation (7) is a f i r s t - o r d e r  par t ia l  differential equation. An exact solution sat isfy-  
ing the condition (4) can be found. 

We obtain for the function ~01 

epi (r, e) = c vo ~ (2bur + e2)-v, [(2b~lr + e2)V, + A] -2 (8) 
Z~EO r " " 

It is c lear  f rom Eq. (8) that the density of e lec t rons  in the f i rs t  group falls more rapidly than r -1 as 
a function of distance from the beam. The average  energy of the e lect rons  in the region is g rea te r  for 
l a rge r  r, which is explained by increased  "eating up" of low-energy  e lect rons .  The spatial var ia t ion of the 
distribution function for an a r b i t r a r y  value of e has the following nature. 

In the region of small  r ,  the decrease  in f l  differs little f rom the r -1 law. At more significant values 
of r, the rate of fall inc reases  and, at " large"  r, approximates  an r-7/2 law. In other  words,  the boundary 
of a spatial region where there  is a marked amount of e lect rons  of a given energy is r a the r  sharp. 

The regions of large and small  distances r are  determined respect ively  by the conditions 

2bTIr ~ e 2, 2b~lr ~ e ~ 

When the beam intensity n o var ies ,  the distribution functions for all values of r and e change p ropor -  
tionately. A change in the energy  e0 entails an inverse ly  proport ional  change in f l ( r ,  e). We point out 
there is a change in f l  when there  is a change in N, i.e., in the density of the medium. When r ~ 0, f i  in- 
c r ea ses  in proport ion to the increase in N. The spatial region of per turbat ion is narrowed approximately 
proport ionately  to N -1. 

Knowing the f o r m o f  the function ~t (r, e), Eq. (2) can be investigated. If Eq. (2) is differentiated 
with respec t  to a, then considering that 

we obtain in approximate fashion 

(~2 (r, e) ----- ~ (e) + (5 (e) 0% (r, e) / 08 

0~2 3 si 

(8 ~ A, 81 ~ i/.a) 

The solutions of the l inear  equation (9) take the forms 

%(r ,~) - -  a(s+6,p (~+51) 2 
m A  

co ~o 

m,3. m A  

Note that considerat ion can be l imited to the f i rs t  t e r m  in Eq. (11) for  S 1 when r is large.  

Equation (3) yields 

(9) 

(lO) 

(11) 
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(o m:~ 

n3(r) = { + [  2 - ~ n  % ( ~ ' ) - ~ - ~ 2 a h  ! %(e')  de'I} v' 

a r e  

Thus  

n (r) ~- nt (r) + n~ (r) + na (r) 

The  e l e c t r o n  dens i t i e s  in the  f i r s t  and  s econd  e n e r g y  r a n g e s ,  c a l c u l a t e d  f r o m  Eqs .  (8), (10), and (11), 

~ ( r )  = 

~o ~A 

I ~i(;,e) de, n2(r)= I 92(:,e) de 
m A  A 

The  spa t i a l  v a r i a t i o n  of  the  funct ions  n 2 and n 3 c o r r e l a t e  to a c o n s i d e r a b l e  ex ten t  wi th  the r e l a t i on  
n I =nl(r )  , which is  d e t e r m i n e d  by  the  funct ion ~ l ( r ,  e) .  Thus  t h e r e  is  i n t e r e s t  in the v a l u e s  of  n k in the  
r eg ion  c l o s e s t  to  the b e a m ,  w h e r e  t h e s e  quan t i t i e s  a r e  m a x i m u m .  We tu rn  to Eqs .  (5) and (6). 

The e x p r e s s i o n  f o r  ~2' (e) ,  d e t e r m i n e d  in much  the s a m e  way  as  ~2 (e) ,  is  w r i t t e n  as  

2cvo t { ln (m+t )A  t } 
q ) 2 ' ( 8 ) ~  asoro ~ (s-~-S1) - ' - ' - - ' T  ~ - ~ A  -~ 2 m ( m ~ - i )  (12) 

In t eg ra t i ng  Eq.  (12) d iv ided by  (2e) l /2M -1/2, we d e t e r m i n e  n21 

n~' ~ ]/'2-M cv o / 24aeoro2A % (m z 5) (13) 

F o r  the  e l e c t r o n  dens i ty  in the  t h i r d  reg ion  f o r  the s a m e  v a l u e s  of  m, we obtain  the a p p r o x i m a t e  
e x p r e s s i o n  

n3' ~ 4 r 

Adding Eqs .  (13) and (14), we f inal ly  wr i t e  

n , ~  V~-~vo ( a  cvo ) ~,'~ 
24aeoro~AS/~ -t- 4 ae0r0~A 

Since r 0 ~ N -1, the  dependenee  of  no1 on N is r a t h e r  s t r o n g  (nat i s  p r o p o r t i o n a l  to N2). The quant i ty  
ha'  i s  p r o p o r t i o n a l  to Na/2. F o r  su f f i c ien t ly  l a r g e  v a l u e s  of the r e c o m b i n a t i o n  coef f ic ien t ,  the dependence  
of  n '  on N is  d e t e r m i n e d  by the  b e h a v i o r  in the n o n r e c o m b i n a t i o n  reg ion .  At s m a l l  v a l u e s  of  (~, n a' has  a 
dominan t  inf luence on the  magni tude  of  n ' ,  i .e . ,  the  r e c o m b i n a t i o n  zone domina t e s .  

S i m i l a r l y ,  n '  ~ n0 b/2 a t  s m a l l  v a l u e s  of  a and  n '  is  a l i n e a r  funct ion of  n o with suf f i c ien t ly  in tense  
r e c o m b i n a t i o n .  

Osc i l l a t i ons  m a y  be exc i t ed  in the  p l a s m a  s u r r o u n d i n g  the  b e a m .  We w r i t e  an e x p r e s s i o n  fo r  the  
p l a s m a  f r e q u e n c y  w in the  r eg ion  of m a x i m u m  dens i ty  a s s u m i n g  the  quan t i ty  n 3' m a k e s  the ma in  c o n t r i b u -  
t ion  to  n ' :  

It i s  c l e a r  tha t  w depends  s l igh t ly  on the quan t i t i e s  no, v0, and  a .  We eva lua t e  w fo r  the  ca se  e0 = 
10 keV, A = 15 eV, N = 1017 cm-3;  nov 0 =6 �9 1017 sec  -1. The l a s t  quan t i ty  c o r r e s p o n d s  to an e l e c t r o n  c u r r e n t  
of  100 mA. Since e l e c t r o n - e l e c t r o n  co l l i s ions  a r e  be ing  cons ide red ,  we r e p l a c e  Z by  one.  We take  the 
quan t i t i e s  ~ and  a f r o m  e x p e r i m e n t a l  data.  We a s s u m e  ~ =10 -16 c m  2, ~ =10 -12 c m  3 �9 sec -1 .  The c a l c u l a -  
t ion  y i e lds  

n' ~ 1.5.i0 i~ c m  -3 (o ~ 2.2.10 TM s e c  -1 

This  f r e q u e n c y  va lue  c o r r e s p o n d s  to a wave leng th  l e s s  than  1 m m .  
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